Lecture 2
Part M

Case Study on Reactive Systems -

Bridge Controller
2nd Refinement: State and Events



Bridge Controller: Abstraction in the 2nd Refinement

ENVA The system is equipped with two traffic lights with two colors: green and red.

ENV2 The traffic lights control the entrance to the bridge at both ends of it.

i ENV3 I Cars are not supposed to pass on a red traffic light, only on a green one.

mO: (T:J;
M
more abstract ’rhan aﬂJm A‘ﬁ@)

more concrete
than ml




Bridge Controller: State Space of the 2nd Refinement
ENVA The system is equipped with two traffic lights with two colors: green and red. * f,e..'té - M $

ENV2 The traffic lights control the entrance to the bridge at both ends of it.
ENV3 | Cars are not supposed to pass on a red traffic light, only on a green one. |

Dynamic Part of Model

i invariants:
variables: inv2_1: mi_tl e COLOUR
a,b,c inv22: il tl e COLOUR =
im0 inv2.3] 224 —b e
it — X ML
inv24] 274 (). (Db xd.

Static Part of Model

sets: COLOR constants: red, green

Y - Exercises
axm2 1z COLOR'= { greon, rad) inv2_3: being allowed to exit ML means limited cars & no crash
axm2_2: green + red I - - -

3 inv2_4: being allowed to exit IL means some car in IL & no crash




Bridge Controller: Guards of “old” Events 2nd Refinement

sets: COLOR

constants: red, green

axioms:

axm2_2: green + red

axm2_1: COLOR = {green, red}

variables:
a,b,c
mi_t/
il_tl

invariants:
inv2.1: mi_tle COLOUR
inv2.2: i/ -tle COLOUR
inv2.3: mi_tl=green=a+b<dac=0
inv24: i/ tl=green=b>0ra=0

ML __out:

A car exits mainland

(getting onto the bridge).

IL_out| A car exits islan

(getting onto the bridge

IL_out
when
Ps & the
"21( b:=b-1
ci=c+1

end




Bridge Controller: Guards of "new” Events 2nd Refinement

< M?ts L “L..‘l:l

ML_tl_green:

J

M,"'s">

turn the traffic light ml_tl to green

MI‘_A;tI_een q w&,
Wm £=0

ml_tl := green

tﬂ”""

d]

dxb<

)}/ Mfw N end 1|
sets: COLOR constants: red, green ; )\ [ ~7 ¢
B — Ul [}‘ IL_tl_green: MLU o i o,
Xioms:
axm2_1: COLOR = {green, red} - w -60 ’furn the traffic llghf Il tl to qreen
axm2_2: green + red M‘ { Ad /
WYLLA N ) AA?
— A B ) whe 0
: . invariants: =
va:abblgs. inv2.1: mi_tle COLOUR ). [_ﬂ' @ A=
47" inv2.2: il_tl e COLOUR the L>0
1 -t inv23: mitl=green=a+b<dnrc=0 il_tl := green il
il_tl inv2.4: il_tl= green=b>0nra=0 end 2[ 2

out 7 M



Lecture 2
Part N
Case Study on Reactive Systems -

Bridge Controller
2nd Refinement: Invariant Preservation



PO/VC Rule of Invariant Preservation: Sequents

Abstract m1 A(c)
variables: a,b,c ML _out IL_out l( - V)
when when J(C7 v, W)

invariants: a+b<d g: g H(C, W) MPA
it 2 5C —y et
inv13: ' bi=b-1
::z1_4:cae+l\i]3+c=n a=a+l GE=GRT Ji(C7 E(07 V)7F(07 W))
invi5: a=0vc=0 end end

- L' ML_out/finv2_4JINV
-—ta; W"; >OA 4 O axm01 { deN
Concrete m2 axm02 { d>0
"'2_{0 a"’ ( axm2.1 { COLOUR = {green, red}
variables: ML out IL_out
@b’ ¢ when when
/_tl il _tl =
m mi_tl = green il_tl = green
il_tl mer=green then
= then bieb_1
invariants: a=a+1 [ [ ci=c+1
inv2.1: ml_tl e COLOUR end EW aﬁo;—' ehd 0 e
inv22: il tfe COLOUR . inv il tl e
!nv2,3: ml,tl:green:a+b<d/\c 0 'L’(,h Q {2 ta ::z;ii { Tlt}ti;gzsrj;it)a;{gc:o
B E B —d _ ol = =
inv2 4 I il tH=green=b>0Aa OI b, L d Tk P Concrete guards of ML out  { ml @l = green
et .
b Concrete invariant inv2_4

Exercise: Specify IL_out/ |nv2_3/ INV i L ob et ifie postaisi .x{—' g by U0



Example Inference Rules
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Discharging POs of m2: Invariant Preservation

deN

a>o0

COLOUR = {green, red}

green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

mi_tle COLOUR

il-tI e COLOUR
ml_tl=green=a+b<dnrc=0
il-tH=green=b>0Ara=0
mi_tl = green

i
il_tI=green=b>0A(a+1)=0

MON

green + red
il -t/ =green=b>0ra=0
mi_tl = green

e .
il_tl = greenf>{b > 0 A (a+1) = 0

ML_out/inv2_4/INV

.

IMP_R

ml_tl = green
[

b>0A(a+1)=0

green + red
il_tl = greenf>b>0ra=0

IMP_L

green + red
b>0nra=0
ml_tl = green
il_tl = green

.
b>0n(a+1)=0

AND L

First Attempt

H+ P H+ Q H,P,Q+ R
ANDR fj§l—————— ANDL
H+ PAQ HPAQF R
H,P,Q + R HP+ Q
IMPLJjl———— IMPR
H,P.,P=Q + R H+ P=Q
green + red
b>0
a=0 SHOCKED
mi_tl = green |HYP
green = red il tl = green ¥ 0
b>0 - °
a=0 b>0
ml_tl = green AND R
il_tl = green green + red <
b b>0 green + red green + red
b>0A(a+1)=0 a=0 EQLR mi_tl = green mi_tl = green
mi_tl = green M 6N > |il-tl=green |ARI| jl_tl=green |2?
il _tl = green - -
- (0+1)=0 1=0
(a+1)=0




Discharging POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vec=0

mi_tl e COLOUR

il-tte COLOUR
mi_tl=green=a+b<dac=0
il_tI=green=b>0na=0
il_tl = green

.
ml_tl=green=a+(b-1)<da(c+1)=0

MON

green + red
mi_tl=green=a+b<dac=0
il_tl = green

.
mi_tl=green=a+(b-1)<da(c+1)=0

IL_out/inv2_3/INV

IMP_R

green + red green + red
mi_tl=green=a+b<dac=0 a+b<dac=0

il_tl = green IMP_L il_tl = green AND L
mi_tl = green ml_tl = green

= =

a+(b-1)<da(c+1)=0 a+(b-1)<da(c+1)=0

First Attempt

H+P Hr Q H,P,Q+ R
ANDR jl————— ANDL
H+- PAQ H: PAQ+ R
HP,Q+ R H P+ Q
IMP_L IMP_R
HP,P=Q + R Hr P=>Q
green + red
a+b<d
c=0 a+b<d
il tl=green  |MON| + ARI SHOCKED
green + red mi_tl = green a+(b-1)<d
a+b<d [
c=0 a+(b-1)<d % Q
il_tl = green AND R
mi_tl = green green + red
- a+b<d green + red green + red
a+(b-1)<da(c+1)=0 c=0 EQLR il tl = green il _tl = green <
iltl = green ~~ | mi_tl = green | ARI| mi_t/ = green |??
MON
mi_tl = green - -
= 0+1)=0 1=0
(c+1)=0




Understanding the Failed Proof on INV

|ML out/inv2 é{INZI |

I IL_out/ inE/INV 1

deN deN
H . d>0 a>0
variables: ML _out IL out COLOUR = {green, red} COLOUR = {green, red}
a Ib’lc when when green + red green + red
mi_t il tl = green N neN
i mi_tl = green ther g e o
then bi=b_1 aeN aeN
] ] =0 beN beN
invariants: a=a+1 ci=c+1 ceN ceN
inv2.1: ml_tl e COLOUR end end a+b+c=n a+g+0=g
i i a=0vc=0 a=0ve=
!nv2,2. il.tH e COLOUR gt w1l < COLOUR
inv2.3: mltl=green=a+b<dnrc=0 il tl COLOUR il tl e COLOUR
inv24: jltl=green=b>0Aa=0 mi_tl = green=a+b<dac=0 mi_tl=green=a+b<dac=0
il tl = green=b>0ra=0 il-tl = green=b>0nra=0
mi_tl = green il tl = green
. -
I | il_tl = green = b > 0 A (a+1)=0| mi_tl = green=a+(b-1)<dA(c+1)=0|
Unprovable Sequent:
g reen ¢ red ISLAND MAINLAND J| JJISLAND
. ‘~ n-
il_tl = green ! :
L] - o
m l ‘l‘l — g reen , ML_tl_green ML _out 5 IL_in , IL_tl_green IL_out v ; ML out )
d=2 d=2 d=2 d=2 d=2 o+ | d=2
a=0 a=1 a=0 a4=0 a=0 ° ¢ a-=1
b =0 b'=0 b’ =1 b =1 b=0 ¢ ' pv-=0
¢ =0 ¢'=0 c'=0 ¢ =0 c’'= N
mltl'=red mit=green M-t =green ml_il'=green mj t' = green mi-tI' = green | ml_tl'=green
iltl" = red it = red il_tI" = red iltl" = red il.tl’ = green il_tI" = green iltI" = green
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Case Study on Reactive Systems -

Bridge Controller
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Adding an Invariant



Fixing m2: Adding_an Invariant
Abstract m1

REQ3 The bridge is one-way or the other, not both at the same time.
variables: a,b,c ML out IL_out ; -
when Mo inv2.5: mi_tl=red v il_tl = red
invariants: arb<d io
invii:aeN c=0 ha_
invi2:beN then t g
invi3:ceN a-—a+i ” _1
invid: a+b+c=n end en?il_c+
invi5: a=0vc=0
ML_out/inv2_4/INV
axm0.1 { deN
axm0_2 a>0
Concrefe mz axm2_1 COLOUR = {green, red}
axm22 { green+ red
: . inv0.1 { neN
variables: ML out IL_out invo02 { n<d
a,b,c when when invi1 { aeN
mi_tl il_tl = green invi2 { beN
il mi_tl = green then invi3 { ceN
then e B ] invid { a+tb+c=n
invariants: a=a+1 o+ kbl Selleion
ro : C:=C+ inv2.1 { mi_tle COLOUR
inv2.1: mi-tle COLOUR end end inv2.2 { il tle COLOUR
inv2 2: j/ tle COLOUR inv23 { mitl=green=a+b<dnrc=0
inv23: ml tl=green=a+b<dac=0 inv24 { il ti=green=b>0ra=0
inv24: il tl=green=b>0na=0 inv25 { mi_tl=redv il tl = red
Concrete guards of ML_out { mi_tl = green
-

Concrete invariant inv2 4

Exercise: Specify IL_out/inv2_3/INV Wit ML ousffecin thepos e 11291000 = 0200 a1 =0



Discharging POs of m2: Invariant Preservation secondiAttempt

ML_out/inv2_4/INV

| COLOUR = {green, red}
| green + red

Zved -
-

| mi_tle COLOUR

iltie COLOUR green # red*
| mitl=green=a+b<dac=0

il tl=green=b>0ra=0 mi_tl = green’

mo_0 = vodl -
- (mi_ti £ red@il_ff; red) o_

w0-+8=
| . -
Lilti=green=b>0r(a+1)=0| | il_tl = greene

ry

- wor # vod
.

| green + red 1=0.

|ilt = green=b>0na=0 -(¢<

| mi_tl = red v il tl = red

| mi_tl = green

I Tﬂ_-('ezv

|il-tl=green=>b>0A(a+1)=0 te +0

IMP.R =

green + red

b>0

a=0

ml_tl = green

mi_tl = red v il tl = red
il_tl = green

(8

| green + red
| il tl=green=b>0nra=0
| mi_tl = green

green + red
b>0ra=0
mi_tl = green

green # red
b>0
a=0

b>0

H(F),E=F ~ P(F)

miti=redvilti=red  |IMP.L|miti=redv i ti=red |ANDL|M-I-green

| iltl = green il_tl = green I’Inlrﬂ_ :::nv L= green # red EQLR

| - - e =g b>0 green # red ‘green # red H(E),E:F + P(E)

|b>0A(a+1)=0 b>0n(a+1)=0 b>0A(a+1)=0 a=0 mi_tl = green mi_tl = green
mi_tl = green mi_tl=red vil-tl=red | , o limi_tl = red v il_tl = red
mi_tl=red vil tl = red il -t = green \il_tl = green
il_tl = green - - o .
- (0+1)=0 1-0 HP+-R HQ+R
(a+1)=0 b b OR L

—

H,P‘\/Q - R




Dischara

ing POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green # red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

ml_tl e COLOUR

il e COLOUR
mi_tl=green=a+b<dac=0
il-t=green=b>0Ara=0
mi_tl = red v il tl = red

il_tl = green

-
mil_tl=green=a+(b-1)<da(c+1)=0

= green
=red vil_tl = red

MON

green # red
mi_tl=green=>a+b<dac=0
mi_tl = red v il-tl = red

il_tl = green

i

mi_tl=green=a+(b-1)<da(c+1)=0

IMP R

ASSignment

IL_out/inv2_3/INV

green = red
mi_tl=green=a+b<dnac=0
il -t = green

mi_tl = red v il_tl = red

mi_tl = green

E
a+(b-1)<da(c+1)=0

IMP_L

green = red

a+b<d

c=0

il tl = green

mi_tl = red v il tl = red
mi_tl = green

green + red
a+b<dac=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

=
a+(b-1)<da(c+1)=0 ;+(b_1)<dA(c+1)=o

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

v
a+(b-1)<d

a+b<d

i
a+(b-1)<d

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

.
(c+1)=0

green # red
il-tl = green

mi_tl = green
-
0+1)=0

mi_tl = red v il_tl = red Al

=
il-tl = green

mi_tl = red v il_tl = red|
mi_tl = green

H-Q+ P
——  NOTLL

H,-P + Q

H(F),E=F ~ P(F)
EQLR

H(E),E:F)— P(E)

HP+R HQ+R

OR.L

HPvQ+R
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Fixing m2: Adding_Actions

MAINLAND

ML_tl_green/inv2_5/INV

ML_tl_green
when

ml_tl = red

a+b<d

c=0

then

mli_tl := green
il_tl:= red

-t

2=y Koo Alf=hr * %{PM
Exercise: Specify IL_tl_green/inv2_5/INV +

w0 el v

IL_tl_green
when
il_tl = red
b>0
a=0
then
il_tl := green
mi_tl := red
end

axm0_1 deN
axm0_2 d>0

axm2 1 % COLOUR = {green, red}

axm22 { green=+red
inv01 { neN
inv0_2 n<d
invi_1 E aeN
invl_ 2 beN
invi_3 { ceN
invi4 { a+b+c=n
invi5 { a=0vc=0
inv2_1 ml_tle COLOUR
inv2_2 { il_tle COLOUR

inv2 4
inv2.5 { mi_tl=redvil_tl = red

inv2_3 mi_tl=green=a+b<darc=0
il -tl=green=b>0Ara=0

ml _Jc@ ved|

Bocte: fof

VPdL VYPa:VPd

2 el
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Invariant Preservation: IML__out/ i_nv2_3!/INV

§ ot/ o dsiedd codze,

ML_out/inv2__3/INV

axm0.1 { deN
axm0_2 da>0
axm2_1 COLOUR = {green, red}
axm22 { green+red
inv0_1 neN
inv0_2 n<d
inv1 1 } aeN
invi2 { beN

invi3 { ceN

invi4 { a+b+c=n

invi5 { a=0vc=0

inv2_1 ml_tl e COLOUR

inv2 2 il_te COLOUR

inv2_3 ml_tl=green=a+b<dac=0

inv2.4 1 il tI=green=b>0Ara=0
-

g inv25 { mi_tl=redvil tl = red
Concrete guards of ML_out { ml_tl = green

ML out || IL_out
when when
mi_tl = green thgaﬂ e

variables: then b:=b-1

a,b,C a:=a+1 N c:=c+1

mi_t! end U end

il_tl
invariants:

inv2_1: mi_tle COLOUR

inv22: jl_tle COLOUR

inv2.3: mi tl=green=a+b<darc=0

inv24: il tl=green=b>0na=

Exercise: Specify

: 2 I _outloZ3

Concrete invariant inv2_3

with ML_out’s effect in the post-state { miif = green Qg b<dnc=0

IL_out/inv 2_4;

zw.c/w/ ouley

[INV




Dlscharglnq POs of m2: Invariant Preservation

First Attempt

d eN
a>0
COLOUR = {green, red}
green + red
neN
n<d
aeN
beN
ceN
a+b+c=n
a=0vec=0
mi_tl e COLOUR
il-tte COLOUR
mi_tl=green=a+b<dac=0
il_.tI=green=b>0Aa=0
ml_tl = red v il tl = red
mi_tl = green
.
mi_tl=green=(a+1)+b<dac=0

MON

mi_tl=green=a+b<dac=0
=

| ml_tl=green|=>(a+1)+b<d/\c=0

(] fece
T _out/

( MAINLAND

| mltl=green=>a+b<darc=0 a+b<dac=0
MP R ml_tl = green IV mi_tl = green

IMP_R

— [,

(a+1)+b<dac=0 (a+1)+b<dac=0

H+ P H+ Q
AND R
H- PArQ
wz-U/
T |\/ H,P,Q - R
——  ANDL
6 HPAQ+ R
‘b H P+ Q
—— IMPR
M; H+ P=Q
a g '& { SHOCKED
ZE a+b<d g
mltl green
a+b<d -
c=0 (a+1)+b<d
AND_L | ml_tl = green AND R
- a+b<d
(a+1)+b<dac=0 c=0
mi_tl = green |HYP
e
c=0




Understanding the Failed Proof on INV

IL_out
when
il tl = green
then
b:=b-1
ci=c+1
end

variables: ML out
a,b,c when
mi_tl
il ml_tl = green
- then
invariants: a=a+1
inv2.1: ml_tl e COLOUR end
inv2 2: jl tl e COLOUR
inv2.3: mi_tl=green=1a+b<dhc=0
inv2.4: i/ t/=green=b>0Aa=0

Unprovable Sequent from ML_out/inv2_3/INV

thed
ML-out

MAINLAND

ml_tl

1592@) =

24 =3

1<}

AV mi_tl

|_

(@+1)+b<d

= green

(at)+b

34

2 T+|<

1 a+ 1))+ b < dlevaluates to true |
(A"’D'l'b -‘f—d [(a +;§ + b < d evaluates to true]

[ (a+1) + b< d evaluates to true ]
[ (a+1) + b< d evaluates to false ]
[ (a+ 1) + b< devaluates to false ]

[ (a+1) + b < d evaluates to false ]

vio wiop UL out 2llowtdl = wmd 0 := vool



Ml . ML.O*‘:

Tl _out

Fixing m2: Splitting Events ,.;:

Mot [ Meot_2 Tlot| TI_ont 7]

ML_out_1°
when
mi_tl = green
a+b+1=+d
then
a=a+1
end

ML.out2 -
when
ml_tl = green
a+b+1=d
then
a:=a+1
mi_tl := red
end

?IL_out_1 B
when . 7
il_tl = green
s b-l#
then 0

b:=b-1
ci=c+1
end

> IL_out_2
when
il_tl = green

b=1 2 L-' .

then
b:=b-1
c:=c+1
il_tl := red
end




